SEMI-BASIC 1-FORMS AND HELMHOLTZ CONDITIONS FOR 
THE INVERSE PROBLEM OF THE CALCULUS OF 
VARIATIONS 

lOAN BUCATARU AND MATIAS F. DAHL 



Abstract. We use Prolicher-Nijenhuis theory to obtain global Helmholtz con- 
ditions, expressed in terms of a semi-basic 1-form, that characterize when a 
semispray is locally Lagrangian. We also discuss the relation between these 
Helmholtz conditions and their classic formulation written using a multiplier 
matrix. When the semi-basic 1-form is 1-homogeneous (0-homogeneous) we 
show that two (one) of the Helmholtz conditions are consequences of the other 
ones. These two special cases correspond to two inverse problems in the calcu- 
lus of variation: Finsler metrizability for a spray, and projective metrizability 
for a spray. 
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1. Introduction 

The inverse problem of the calculus of variations can be formulated as follows. 
Under what conditions a system of second order differential equations (SODE), on 
a n-dimensional manifold M, 

(1) ^ + 2G^x,x)=0,ie{l,2,...,n}, 

can be derived from a variational principle? An approach to this problem uses the 
Helmholtz conditions, which are necessary and sufficient conditions for the existence 
of a multiplier matrix gij{x, x) such that 

(fx^ , , .A d f dL\ dL 



for some Lagrangian function L{x,x). The multiplier matrix gij induces a sym- 
metric (0, 2)-type tensor field g along the tangent bundle projection. Geomet- 
ric formulation of Helmholtz conditions in terms of gij were obtained by Sarlet 
|32j and expressed later using the tensor g by Martinez et al. [26]. There are 
various approaches to derive the Helmholtz conditions in both autonomous and 
nonautonomous case. For discussions, see Crampin [7|, Krupkova and Prince [22], 
Morandi et al. [28]. 

In this paper we will study the inverse problem of calculus of variations when 
the system of SODE in equation |(T]) arise from a semispray. In Theorem 14. II we give 
a global formulation for the Helmholtz conditions in terms of a semi-basic 1-form. 



Date: March 6, 2009. 



1 



SEMI-BASIC 1-FORMS AND HELMHOLTZ CONDITIONS 



2 



If there exists a semi-basic 1-form that satisfies these Helmholtz conditions, the 1- 
form is the Poincare-Cartan 1-form of a locally defined Lagrangian function. Then 
the original semispray is an Euler-Lagrange vector field for this Lagrangian. In 
Section [321 we explain how these Helmholtz conditions for a 1-form correspond to 
the classic formulation of Helmholtz conditions in terms of a multiplier matrix. To 
derive the Helmholtz conditions in Theorem 14.11 we use Frolicher-Nijenhuis theory 
on TM \ {0} and geometric structures on TM \ {0} induced by the semispray. See 
Sections 2 and 3, respectively. 

It has been shown recently that for the case of Finsler spaces one of the Helmholtz 
condition is a consequence of the other ones, Prince [30j. In [34J, Sarlet claims that 
this Helmholtz condition is redundant for homogeneity of any order. In Theorem 
14.31 we prove that, depending on the degree of homogeneity, one or two of the 
Helmholtz conditions can be derived from the other ones. Therefore, in Section 
15. 3^ we show that a spray S is Lagrangian if and only if only if only two or three of 
the four Helmholtz conditions are satisfied, depending on the degree of homogeneity. 
In particular we discuss Helmholtz conditions for two important inverse problems: 
projective metrizability and Finsler metrizability. 

For the projective metrizability of a spray 5, we show that S is an Euler-Lagrange 
vector field for a 1-homogenous Lagrangian if and only if two of the Helmholtz con- 
ditions, expressed in terms of a semi-basic, 0-homogeneous 1-form, are satisfied. 
In Section 15. 3^ we explain how these two Helmholtz conditions correspond to the 
Rapcsak conditions that characterize projective metrizability [M]- For other char- 
acterizations of projective metrizability of a spray, see Klein [17], Klein and Voutier 
[18] . Shen [35], and Szilasi [37]. For the case of a fiat spray the two Helmholtz 
conditions lead to Hamel's equations studied recently by Crampin |I0] and Szilasi 

For fc > 1, we show that a spray S is an Euler-Lagrange vector field of a k- 
homogeneous Lagrangian if and only if three of the Helmholtz conditions are satis- 
fied. In particular, when k — 2,we obtain three Helmholtz conditions, expressed in 
terms of a semi-basic, 1-homogeneous 1-form, for a spray 5" to be Finsler metrizable. 
In Section [573t we explain how these three Helmholtz conditions are related to pre- 
vious discussions for the Finsler metrizability of a spray. See the work of Crampin 
[9], Krupka and Sattarov [20], Muzsnay [29], Prince [30], Szilasi and Vattamani 
[38] . 

An important tool in this work is the dynamical covariant derivative induced by 
a semispray S. The notion of dynamical covariant derivative was first introduced 
by Carinena and Martinez in |5j as a covariant derivative along the tangent bundle 
projection. A recent discussion of various connections associated to a semispray 
and their relation with the dynamical covariant derivative is due to Sarlet [34]. 
See also [TU [26]. Since all the geometric structures that can be derived from 
a semispray S are naturally defined on the tangent bundle TM, we introduce, 
in Section 13. 2^ the dynamical covariant derivative as a tensor derivation on TM 
and study commutation formulae with geometric structures induced by S. For a 
semispray, the dynamical covariant derivative preserves the induced horizontal and 
vertical distributions and hence will preserve semi-basic (vector valued) forms. The 
restriction to semi-basic forms of the dynamical covariant derivative coincides with 
the semi-basic derivation studied by Grifone and Muzsnay [15j . 
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2. Preliminaries 

By a manifold M we mean a second countable Hausdorff space that is locally 
homeomorphic to R" with C°° -smooth transition maps. Here n > 1 is the dimension 
of M. By TM we mean the tangent bundle (TM, tt, M) and by TM\{0} the tangent 
bundle with the zero section removed. The canonical submersion tt : TM M 
induces a natural foliation on TAf, whose leafs are tangent spaces TpM — 7r~^(p), 
p £ M. Local coordinates on M will be denoted by , while induced coordinates 
on TM will be denoted by a;* , Then are transverse coordinates for the natural 
foHation, and are coordinates for the leafs of this foliation. 

Throughout the paper we assume that all objects are C°°-smooth where defined. 
The ring of smooth functions on a manifold M is denoted by C°°(M), the C°° 
module of /c-forms is denoted by A^{M), and the C°° module of vector fields is 
denoted by X (M). The C°° module of (r, s)-type tensor fields on M is denoted by 
Tg[M) and T{M) denotes the tensor algebra on M. 

By a vector valued l-form (I > 0) on a manifold M we mean a (1, Z)-type tensor 
field on M that is anti-symmetric in its /-arguments. 

If c: / ^ M, c = (a;*) is a curve, we denote by c' its tangent c' : I ^ TM, 
c'{t) ^ {x\x'). A curve c is regular if c'{t) £ TM \ {0} for all t G /. 

2.1. Frolicher-Nijenhuis theory on TM \ {0}. In this section we give a quick 
review of the FroHcher-Nijenhuis theory. For systematic treatments, see the original 
paper of Frolicher and Nijenhuis [13] and the book of Kolar et al. p9]. In this paper 
we apply this theory on TM \ {0}, following Grifone and Muzsnay [15], Klein and 
Voutier |18], de Leon and Rodrigues [23j, and Szilasi |36j . 

Suppose ^ is a vector valued /-form on TM\ {0}, and a is a fc-form on TAf \ {0} 
where I > and A; > 1. Then the inner product of A and a is the {k + I — l)-form 
iACt defined as 

(3) iAa{Xi,- ■ ■ ,Xk+i-i) = 

\ X! sign(cr) a • • • ,X„(,)),X<^(,+i), • • • ,X^(fe+,_i)) , 

where Xi, . . . , Xk+i-i G X (TAf \ {0}), and Sp is the permutation group of elements 
1, . . . ,p. When / = 0, A is a vector field on TM \ {0} and iACt is the usual inner 
product of fc-form a with respect to a vector field A. When / = 1, A is a (1, l)-type 
tensor field and iao: is the fc-form 

k 

(4) iAa{Xi,--- ,Xfe) 

1=1 

We also define Ma = when a £ AP{TM \ {0}) = C°°{TM \ {0}) and A is any 
vector valued /-form on TM \ {0}. 

One can define an exterior inner product A on the graded algebra of vector valued 
differential forms on TM \ {0} using a similar formula as |[4]), pTS]. In this work 
we will need only the exterior inner product of a vector valued fc-form A with a 
(1, l)-type tensor B. In this case we define B/\A as the vector valued fc-form 

k 

(5) BAA(Xi,--- = 

i=l 



SEMI-BASIC 1-FORMS AND HELMHOLTZ CONDITIONS 



4 



Let A be a vector valued /-form on TM \ {0}, where I > 0. Then the exterior 
derivative with respect to A is the map : A'=(TM \ {0}) A''+^{TM \ {0}) for 
k>0, 

(6) dA — lA ° d — {—ly^^d o iy^. 

A fc-form uj on TM \ {0} is called d a- closed if dAt^i = and d a- exact if there exists 
9 G A'=-'(rM \ {0}) such that u> = dAO. 

When A € X {TM \ {0}) (that is, when I — 0) and fc > 0, we obtain dA — ^a, 
where Ca is the usual Lie derivative Ca : A'=(TM \ {0}) k^{TM \ {0}). In this 
case equation ([6]) is Cartan's formula. 

If A = Id, then / = 1 and did = d since iua = ka for a e k^{TM \ {0}). 

Suppose A and B are vector valued forms on TM \ {0} of degrees I > and 
A; > 0, respectively. Then, the Frdlicher-Nijenhuis bracket of A and B is the unique 
vector valued (fc + ^-form [A, B] on TM \ {0} such that [13], 

(7) d[A,B]=dA°dB-{-~l)''^dBodA. 

When A and B are vector fields (that is, when fc = / = 0), then Frolicher-Nijenhuis 
bracket coincides with the usual Lie bracket -B] = CaB. 

When A and B are (1, l)-type tensor fields (that is, when fc = / = 1), Frolicher- 
Nijenhuis bracket [A, B] is the vector valued 2-form |19[ p. 73] 

(8) [A,B\{X,Y) = [AX,BY] + [BX,AY] + {AB + BA)[X,Y] 

-A[X,BY] -B[X,AY] - A[BX,Y] - B[AX,Y]. 

In particular, 

(9) ]^[A,A]{X,Y) ^ [AX,AY]+ A^[X,Y]- A[X,AY]- A[AX,Y]. 

For a (1, l)-type tensor field A, the vector valued 2-form Na = (1/2)[A, A\ is called 
the Nijenhuis tensor of A. 

For a vector field X in X (TM \ {0}) and a (1, l)-type tensor field A on TM\{Q] 
the Frolicher-Nijenhuis bracket ^] = CxA is the (l,l)-type tensor field on 
TM \ {0} given by 

(10) CxA = Cx o A- Ao Cx- 

Next commutation formulae on K'^[TM \ {0}), fc > 0, will be used throughout the 
paper, |15| : 

(11) iAds - dslA = dsoA - i[A,B], 

(12) CxiA - iAJO-x ^ i[x,A], 

(13) ixdA + dAix ^ Cax ~ iix.A], 

for (1, l)-type tensor fields A, B and a vector field X on TM \ {0}. We will refer 
to formula (fT3|) as to the generalized Cartan's formula, since by taking A = Id, it 
reduces to the usual Cartan formula. 

2.2. Homogeneous objects. Suppose fc is an integer. Then a function / G 

C°"{TM \ {0}) is said to be positively k -homogeneous (or briefiy k-homogeneous) 
if f{\y) = f{y) for all A > and y G TM \ {0}. By Euler's theorem, a function 
/ G C°^{TM \ {0}) is fc-homogeneous if and only if Ccf = fc/, where C G X (TM) 
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is the Liouville vector field (or dilatation vector field) defined as C(j/) — (y + sj/)'(0). 
In local coordinates for TM, 



Using vector field C, we also define homogeneity for other objects on TM \ {0}. A 
vector field X e X {TM \ {0}) is fc-homogeneous if and only if CcX = {k — 1)X. 
Alternatively, a vector field is fc-homogeneous if its flow is fc-homogeneous. For 
example, Liouville vector field C is 1-homogeneous. A p-form lu g Ap(TAI \ {0}) is 
/c-homogeneous if and only if Ccuj — kuj. Lastly, a (1, l)-tensor L on TM \ {0} is 
/c-homogeneous if and only if CcL = {k — 1)L. 

2.3. Vertical calculus on TM\{0}. Next, we define the canonical tangent struc- 
ture J on TA/\{0}, which is a (1, l)-type tensor on TM\{0}. Then, the Prolicher- 
Nijenhuis theory gives a particular differential calculus with operators ij and dj. 
These operators are well suited for studying Finsler and Lagrange geometries on 
TM\ {0} dlllSlIiailHlIig. They also play a key role in this paper. 
The vertical subbundle is defined as 



Then the map Vu '■ u ^ Vu = VTM n TuTM defines the vertical distribution V . It 
is a n-dimensional, integrable distribution, being tangent to the natural foliation. 
That is, any vertical vector u € VTM can be written as u — {y + tz)'(Q) for some 
vectors y, z S TM with 'K{y) — tt{z). An important vertical vector field on TAf \{0} 
is the Liouville vector field fT4|) . 

On TM \ {0} the tangent structure (or the vertical endomorphism) is the (1, 1)- 
type tensor J defined as 



Here r : TTM TM is the canonical submersion of the second order iterated 
tangent bundle. Locally, 



Tensor J satisfies = and Kcr J = Im J = VTAI and J is 0-homogeneous since 
CcJ = [C,J] = — J, [14]. An important notion in this work is that of semi-basic 
forms, [111 [25]. 

Definition 2.1. Consider k >1. 

i) A /c-form uj on TM\{0} is called semi-basic ifuj{Xi, ...,Xk) — 0, when one 
of the vectors Xi, i G {1, A;} is vertical. 

ii) A vector valued /c-form A on TAf \ {0} is called semi-basic if it takes values 
in the vertical bundle and ^(^i, X^) = 0, when one of the vectors Xi, 
i € {1, k} is vertical. 

If a fc-form u is semi-basic then using formula ([4]) we obtain that ijuj = 0. The 
converse is true only if /c = 1. In other words, a 1-form 9 G A^{TM \ {0}) is semi- 
basic if and only if ijd — 0. Moreover, any semi-basic 1-form 6 G A^(TAf \ {0}) can 
be written as 9 = ijuj, for a (non unique) 1-form co G A-^(TAf \ {0}). Semi-basic 
1-forms are annihilators for the vertical distribution. In local coordinates {x'\y^) 
for TM\ {0}, a semi-basic 1-form can be expressed as 9 — 9i{x,y)dx^ . 



(15) 



VTM = e TTM : (i:'7r)(C) = 0}. 



j(e) - (T(e) + t(i^7r)(e))'(o),ve g ttm. 



(16) 
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If a vector valued /c-form A is semi-basic then J o A — and A7\J — 0. The 
converse is true only if fc = 1. A vector valued 1-form A on TM \ {0} is semi-basic 
if and only if J o A = and A o J = 0. It follows that the tangent structure J 
is a vector valued, semi-basic 1-form, and its Nijenhuis tensor Nj = (1/2)[J, J] 
vanishes. Hence equation ([7| implies that 



Formula (flTl) shows that any dj-exact form on TM \ {0} is also dj-closed. 

For semi-basic forms, dj is the exterior differential along the leafs of the natural 
foHation and from formula (fTZl) it satisfies a local Poincare lemma, [HHIlO]. There- 
fore, dj-closed semi-basic forms on TM\{0} are locally c?j-exact. Note that a local 
Poincare lemma does not hold true if we do not restrict dj to semi-basic forms, as 
it has been pointed out in [28l p. 173]. Locally, a semi-basic 1-form 9 = Oidx^ is dj- 
closed and hence locally dj-exact if and only if the matrix {dOi/dy^) is symmetric. 
The relation between dj-closed and dj-exact semi-basic forms on TM \ {0} has 
been discussed by Klein |T7] for the homogeneous case. In this context it has been 
shown by Klein and Voutier [18] and de Leon and Rodrigues [22 that a semi-basic 
p-form, fc-homogeneous with p ^ —k, is dj-closed if and only if it is dj-exact. In 
Proposition 14.21 we will speciaHze this result to homogeneous, semi-basic 1-forms. 

Definition 2.2. A semi-basic 1-form 9 G A^(rAf \{0}) is called non- degenerate if 
d9 is a symplectic form on TM \ {0}. 

A semi-basic 1-form 9 — 9idx^ is non-degenerate if and only if the matrix with 
entries [d9i/dy^) is non-degenerate. 



A system of second order differential equations (SODE) on a manifold M, whose 
coefficients functions do not depend explicitly on time, can be viewed as a special 
vector field on TM \ {0}, which is called a semispray. If the coefficients functions 
of the SODE are 2-homogeneous functions, then the corresponding vector field is 
called a spray. In the afiine context, the notion of spray was introduced by Ambrose 
et al. [^ and later extended by Dazord [12] . 

In this section, we start with a semispray S and consider induced geometric 
structures that will be useful to express necessary and sufficient conditions for 
S to be Lagrangian. These geometric structures are defined using the nonlinear 
connection induced by a semispray, which was considered first by Crampin [6] and 
Grifone [14]. A nonlinear connection can be characterized using horizontal and 
vertical projectors, horizontal lifts, almost product structures or almost complex 
structures, see [H [HI [23l [27l [28l [36] ■ We point out some important features of the 
induced geometric objects in the homogeneous case that will be used in the paper. 

3.1. Semisprays and nonlinear connections. 

Definition 3.1. i) A semispray (or a second order vector field) on M is a 

vector field S {TM \ {0}) such that JS = C. 
ii) A spray on M is a semispray S that is 2-homogeneous as a vector field. 

Locally, a semispray S' on M can be written as 



(17) 



d^j = dj o dj = 0. 



3. Semisprays and nonlinear connections 



(18) 
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for some functions called semispray coefficients of S. Functions G* are defined 
on domains of induced coordinate charts on TM \ {0}. 

A spray on M is a vector field S d X {TM \ {0}) such that JS = C and [C, S] = 
S. For a spray S functions G* in formula iflS]) are 2-homogeneous functions where 
defined. 

Definition 3.2. A regular curve c : / — ^ Af is a geodesic of a semispray S if 
Soc' = c". 

If c{t) = {x''{t)) is a regular curve on M, then c is a geodesic of semispray S in 
equation (fTSl if it satisfies the system of second order ordinary differential equations 

Next we consider some tensors on TAf\{0} associated with a semispray: horizontal 
and vertical projections h and v, almost product and complex structures F and F, 
the Jacobi endomorphism $ and the curvature tensor R. 

Definition 3.3. A nonlinear connection (or a horizontal distribution) on M is 
defined by an n-dimensional distribution H : u d TM \ {0} C Tu{TM \ {0}) 

that is supplementary to the vertical distribution V, which means that Tu{TM \ 
{0}) ^Hu® Vu, for all u e TM \ {0}. 

The horizontal projector h and vertical projector v are (l,l)-type tensors on 
TM \ {0} defined as jlij, 

(20) h=^{ld^CsJ), v=^{ld+CsJ). 
Locally, 

5 , , d . , 

h= — ®dx\ v^—®5y\ 
ox' oy 

where 

(21) ^ - ^ - ^y'-'^y' + ^^-^ n; . — . 

Functions Nj are called the nonlinear coefficients associated to semispray S. The 
(1, l)-type tensor field 

(22) F = -CsJ 

used to define the horizontal and vertical projectors in formulae ((20|) is called the 
almost product structure induced by semispray S, [14]. It can be written as F = h—v 
and therefore F^ = Id. 

The almost complex structure is the (l,l)-type tensor field on TM \ {0} given 
by da [28] 



(23) ¥ = ho Csh - J. 
Locally, 

(24) F= A^^y*_|_^dx\ 
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It follows immediately that F-^ = — Id. Moreover, the following formulae for the 
above considered (1, l)-type tensor fields will be useful throughout the paper: 

¥oJ = h, Jo¥ = v, vo¥ = ¥oh = -J, ho¥ = ¥ov = ¥ + J. 

The Jacobi endomorphism $ is defined as the (1, l)-type tensor field 

(25) <I> = u o Csh = —V o Csv. 

The Jacobi endomorphism is a semi-basic vector valued 1-form and it is also called 
the Douglas tensor [15J. Jacobi endomorphism $ has been defined as a (1, l)-type 
tensor field along the tangent bundle projection in [5l[lTl[26]. Locally, 

d_ 
where 

" dx^ \ dyi J dy^ dyi ' 

The Jacobi endomorphism $ has been used to study various aspects of an SODE: 
variational equations [U [5] , symmetries [H \E[ [25] , separability |25] , linearizability 
[TT] as well as to express one of the Helmholtz condition of the inverse problem of 
the calculus of variation [Tj [211 [26l [32l [34] . 

The curvature tensor i? of a nonhnear connection N is defined as the Nijenhuis 
tensor of the horizontal projector h, R ^ {l/2)[h, h]. Locally, 



(26) ^^R^^dx^, 



(27) i?; = 2- 



_d_ 

dy^ 



(28) R = Rijdx' A dx^ 
where 

(29) Riy^^-—^. 

For the curvature tensor R we have that R{X^Y) = R{hX,hY) = v[hX,hY] for 
all X,Y £ X{TM\ {0}). Therefore i? is a semi-basic, vector valued 2-form that 
vanishes if and only if the horizontal distribution is integrable. If the horizontal 
distribution is integrable, then it is tangent to a foliation that is transverse to 
the natural foliation and dh is the exterior differentiation along the leafs of this 
transverse foliation. It follows that for an integrable horizontal distribution we have 
that df^ = dR = and the restriction of the differential operator dh to forms tangent 
to the transverse foHation satisfies a local Poincare lemma, [39]. Consequently, for 
a fiat nonhnear connection, d^-exact 1-forms tangent to the transverse foHation are 
locally dft-closed. 

The curvature tensor R can be obtained directly from the Jacobi endomorphism 
<& through the following formula, [iSl [25l [36] 

(30) 3[J,$]+i? = 0. 

One can also recover the Jacobi endomorphism $ from the curvature tensor R 
through the following formula 

(31) <^ ^ isR + vo Cysh. 

Indeed for a vector field X on TM \ {0}, we have $(X) = v[S, hX] and ^(5*, X) = 
v[hS, hX]. Therefore, <P{X) = R{S, X) + v[vS, hX], which proves formula 

If S" is a spray then by Euler's theorem, the nonhnear coefficients defined 
by formula l[2T|) are 1-homogeneous. Using the homogeneity of a spray S and the 
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horizontal projector (|20|) it follows that S = hS, which implies that S has the local 
expression 

(32) S^f^. 

Therefore, for a spray S, we have that vS = and formula (|3T|) gives 

(33) $ = isR- 

In local coordinates formula l[33|) can be written as 

(34) R]{x,y)^Rl^{x,y)y'', 

and connects the Jacobi endomorphism i?j given by formula l(27|) and the curvature 
tensor R^j given by formula (|29|) . 

3.2. Dynamical covariant derivative. When a semispray S is given on a man- 
ifold M, the Lie derivative Cs defines a tensor derivation on TM \ {0}. However, 
the derivation Cs does not preserve the geometric structures introduced in Section 
13.11 In this section we show how to modify the derivation Cs to obtain a tensor 
derivation on TM \ {0} that preserves these geometric structures. This derivation 
is called the dynamical covariant derivative of the semispray. The notion of dynam- 
ical covariant derivative induced by a semispray was first introduced by Carinena 
and Martinez in [5j as a derivation of degree along the tangent bundle projection, 
see also [HI [251 EH [36] . It was also studied as a semi-hasic derivation of semi-basic 
forms by Grifone and Muzsnay [H]. An extensive discussion about the dynami- 
cal covariant derivative V and other linear connection along the tangent bundle 
projection, which are associated to a semispray, is due to Sarlet |34) . 

Definition 3.4. A map V : T{TM \ {0}) ^ T{TM \ {0}) is said to be a tensor 
derivation on TM \ {0} if it satisfies the following conditions: 

i) V is R-linear; 

ii) V is type preserving, which means that V(r/(rAf \{0})) C r/(TM\{0}), 
for each pair (r, s) in N x N; 

iii) V obeys the Leibnitz rule, which means that [T ® S) = VT ® S + T ®\7 S 
for any tensor fields T, S on TM \ {0}; 

iv) V commutes with any contractions. 

For a semispray S on M, let us consider the R-linear map Vq : X {TM \ {0}) 
X {TM \ {0}) 

(35) VoX = h[S, hX] + v[S, vX] , VAT G X {TM \ {0}) . 
One can immediately check that 

(36) Vo(/X) - 5(/)VoX + fVoXyf e C'^{TM \ {0}), VA e X {TM \ {0}) . 

Any tensor derivation on TM\{0} is completely determined by its action on smooth 
functions and vector fields on TM \ {0}, see [36^ p. 1217]. Therefore there exists a 
unique tensor derivation V on TM \ {0} such that 

V|c~(TAf\{0}) = S, V|x(TM\{0}) = Vq. 

We will call the tensor derivation V, the dynamical covariant derivative induced by 
the semispray S. 

Next, we will obtain some alternative expressions for the action of the dynamical 
covariant derivative V on vector fields, forms and vector-valued forms on TM\{0}. 
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From formula (|35l) . we have that the action of V on X {TM \ {0}) can be written 

as 

(37) V = hoCsoh + voCsov. 

Since Csh — Cs ° h — h o Cs, it follows that formula (|37| can be written as 

(38) V ^ Cs + ho Csh + vo Csv. 
Formula (|38l) can be further expressed as 

(39) V^Cs + 'i', 
where 

(40) ^ = hoCsh + vo£sv^^°'Csh={¥ + J)-^ 

is a (l,l)-type tensor field on TM \ {0}. Decomposition (|39l) of the dynamical 
covariant derivative V can be compared with decomposition formula (96) in [26], 
Let (jj be a /c-form on TM \ {0}. Since V satisfies the Leibnitz rule, we obtain 

k 

(41) (Vc^)(Xi, ...,Xk) = V(c^(Xi, ...,Xk)) -J2u;{Xi, VX„ ...,Xi). 

i=l 

Using expressions l(4T1) and ([39l) we obtain that the dynamical covariant derivative 
V has the following expression on K^{TM \ {0}) 

(42) V = /:s-i*- 

The action of V on vector valued fc-forms on TM \ {0} can be defined using a 
formula similar with l(4T|) . We obtain that for a vector valued fc-form A on rM\{0}, 
its dynamical covariant derivative is given by 

(43) VA = CsA + * o A - AA*. 

Formula l(43l) coincides with the semi-basic derivation acting on semi-basic vector 
valued forms considered by Grifone and Muzsnay [TSt Proposition 4.4]. When 
k = 1 and A\& & (1, l)-type tensor field on TM \ {0}, we obtain that its dynamical 
covariant derivative is given by 

(44) VA = CsA o A - Ao-^. 

Next theorem shows that the dynamical covariant derivative V preserves by 
parallelism the geometric structures induced by a semispray S. 

Theorem 3.5. Consider V the dynamical covariant derivative induced by a semis- 
pray S and k > 0. 

i) V/i — 0, Vw = 0, which means that V preserves the horizontal and vertical 
distributions; 

ii) V J = 0, VF = 0, which means that V acts identically on both vertical and 
horizontal distributions (see also formulae (|5T|) and l|52p below); 

iii) The restriction ofV to A'^(TM\ {0}) and the exterior differential operator 
d satisfies the commutation formula 



(45) 



dV-Vrf = d^. 
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iv) The restriction of V to K^{TM \ {0}) satisfies the following commutation 
rule: 

(46) Vm - mV = ivA, 

for any vector valued l-form A on rM\ {0}. Ifl = \ and A £ {/i, v, J, F, F} 



(47) 

Proof. From formula ([401 

(48) 

(49) 

(50) 



Vm - mV = 0. 

which defines the (1, l)-type tensor ^, it follows that 

ho^i - ^ oh^ Csh, 

Jo'J'-l'oJ^ CgJ, 

Fo*-^'oF = Cs¥. 

Using formula (|44l) . we obtain that the first two items of the proposition are true. 
From formula (l42l) it follows that 



dV = dCs — di^ = Csd — ix^d + di^, — Vd + d^ 

and hence formula (|45| is true. 

We will mainly need formula (|46l) for Z or ^ = 1. We will prove it for / = 1. 
Using formulae (021), lO and igll), we have 

Via - iA^ = CgiA - iA^s - i^/iA + = i[s,A\ - iyio* + imoA = ivA- 

Using first two items of the theorem and formula l(46|) we obtain commutation 
formulae (143. □ 



From Theorem 13.51 we obtain that VJ = and Vij = ijV and hence the 
dynamical covariant derivative V preserves semi-basic (vector valued) forms. The 
restriction of V to semi-basic forms coincides with the semi-basic derivation studied 
by Grifone and Muzsnay [T5j. Commutation rule (|46l) shows that the dynamical 
covariant derivative V is a self-dual derivation in the sense of \26\ Theorem 3.2]. 

To express the action of V, let us first note that 



5,— 1=- — 



Therefore, it follows that 



(51) 



(52) 



6x^ 



_d_ 



' c>y\ 



S ^ ^ 
ox* 



5x^ 
d 



R 



d 

Qyk 



dy^ 



and hence V coincides with the covariant derivative studied in [3l|4]. Since hor- 
izontal and vertical vector fields can be projected onto vector fields along the 
tangent bundle projection, one can also project formulae ((5T1) or (|52l) and obtain 
the dynamical covariant derivative along the tangent bundle projection studied in 
[in EH [261136]. 

The next proposition shows that when is a spray the dynamical covariant 
derivative has more properties. 

Proposition 3.6. Consider V the dynamical covariant derivative induced by a 
spray S. 

i) VS* = and VC = 0, 
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ii) Wis — »sV and Vic — icV. 

Proof. Since ^'(S') = and ^'(C) = S* we obtain using formula ((Ml) that VS" = 
and VC = 0. Second part follows from formula l(46|) for I — and A G {S*, C}. □ 

4. Semi-basic 1-forms and Helmholtz conditions 

In Section 5 we show that the geodesies of a semispray S are solutions of the 
Euler-Lagrange equations for some Lagrangian L if and only if there exists a semi- 
basic 1-form e e A^{TM \ {0}) such that the 1-form Cs9 is closed. We first find 
necessary and sufficient conditions, called Helmholtz conditions, for a semi-basic 
1-form e e A^{TM \ {0}) such that the 1-form CsO is closed. We then relate 
these Helmholtz conditions with their classic formulation in terms of a multiplier 
matrix. Finally, we show that for a spray and a homogeneous, semi-basic 1-form 
9 G A^(TM \ {0}), the 1-form £56* is closed if and only if it is exact. Moreover, 
depending on the degree of homogeneity, some of the Helmholtz conditions can be 
derived from the other ones. 

4.1. Helmholtz conditions for semi-basic 1-forms. Next theorem provides 
necessary and sufficient conditions for a semi-basic 1-form 9 e A^(TM \ {0}) such 
that the 1-form Cs9 is closed. 

Theorem 4.1. Let S be a semispray on M and let 9 be a semi-basic 1-form on 
TM \ {0}. Then Cs9 is closed if and only if it satisfies the following Helmholtz 
conditions 

(53) dh9^0, dj9^0, Vd9 ^ 0, d^9 = 0. 

Proof. From formulae l(42l) and (|40)) it follows that for the 2-form d9 we have 

(54) Csd9 ^S/d9 + iw+jd9 - d,s>9. 
For a semi-basic 1-form 9 G A^(TM \ {0}) we have 

(55) {d9){JX, JY) ^ (JX){{9 o J)(Y)) - {JY){{9 o J){X)) - 9([JX, JY]) = 0, 

for all X,Y in X(rM\{0}). For the last equality in formula (|55l) we used that 
6* o J = and [JX,JY] = J[X,JY] + J[JX,Y], which is true since Nj = 0. 
Therefore, the 2-form d9 vanishes on any pair of vertical vectors. Using the fact 
that VJ = 0, it follows that the 2-form Vd0 also vanishes on any pair of vertical 
vectors. 

For a semi-basic 1-form 9 we have that ^oj — voCsohoJ — Q and J o <(> = 
J ov o Cs o h = 0, since ho J = and J o v = 0. Therefore, 

(56) d^9{X, JY) = i^d9{X, JY) = d9{^X, JY) = 0. 

Last equality in formula l|56p is due to the fact that ^X and JY are vertical vector 
fields. 

We evaluate both sides of formula ([541 on a pair of vectors of the form JX, JY, 
for arbitrary X,Y in X {TM \ {0}). Using formulae (|55|) and i(56|l we obtain 

(57) Csd9{JX, JY) = iw+jd9{JX, JY) = d9 [hX, JY) + d9 {JX, hY) 

= dj9{hX,hY) ^ dj9{X,Y). 

We proceed now to prove that Cs9 is closed if and only if conditions l(53|) are 
true. From formula (|54)) it follows that Cs9 is closed if and only if 

(58) \'d9 + ir+jd9 - d^9 = 0. 
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We assume first that Csd is closed and prove that the four conditions in l(53|) 
hold. From formula ^ it follows that djO = 0. Therefore VdjO = VijdO = 0. 
Using the commutation rule Vij = ijV, we obtain that ijVdO — and hence 

(59) (yde){JX,Y) + (yd9){X,JY) = 0,yX,Y eX{TM\{0}). 

Let us evaluate the 2-form iw+jd9 on a pair of vectors X, JY, for X, Y in 
X (TM \ {0}). According to formula (|57| . this 2-form vanishes on the pair of ver- 
tical vectors vX, JY and hence we have 

(60) iw+jde{X, JY) = iw+jd9{hX, JY) = d9{hX, hY) = dh9{X, Y). 

Therefore, if we evaluate the left hand side of formula l(58|) on a pair of vectors 
X, JY, for X,Y inX {TM \ {0}) and use formula §^ we obtain 

(61) {Vd9){X,JY) + dh9{X,Y) ^0. 

Similarly, if we evaluate the left hand side of formula ((58l) on a pair of vectors 
JX, Y, for X,Y inX {TM \ {0}) and use formula §^ we obtain 

(62) Cs9{X, JY) = {Vd9){JX, Y) + dh9{X, Y). 

Now, using formulae ^ and ([59]) it follows that dh9 = and \7d9 = 0. 

Finally, from formula l(58|) it follows that last Helmholtz condition o?<i.6' = is also 
satisfied. 

For the other direction, let us assume that conditions in l(53| hold and let us 
prove that £56* is closed. In view of formula l(54|) . we only need to prove that 
iv+jd9 = 0. Since (F + J) o /i = it follows that iw+jd9 vanishes on any pair of 
horizontal vectors. It remains to show that ir+jd9{X, JY) — 0, for two arbitrary 
vector fields X and Y on TAI \ {0}. For vector field X there exists a vector field Z 
on TM \ {0} such that vX = JZ. Therefore, 



Conditions dj9 — 0, dfi9 — 0, and the above considerations imply that iw-{-jd9 — 



4.2. Helmholtz conditions for a multiplier matrix. We will show how condi- 
tions (|53l) . expressed in terms of a semi-basic 1-form, are related with the classic 
formulation of Helmholtz conditions expressed in terms of a multiplier matrix. 

For a semi-basic 1-form 9 = 9idx^ S A^(TM\ {0}), let us introduce the following 
notations 



iF+jd9{X, JY) 



iw+jd9{hX, JY) + iw+jd9{JZ, JY) 
dh9{X,Y)+dj9{Z,Y). 



and hence Cs9 is closed. 



□ 



(63) 




With respect to these notations we have 



dh9 
dj9 
d^9 



aijdx^ A dx' + 2gijSy^ A dx"; 
ttij dx^ A dx^ ; 
iSij - 9ji)dx^ A dx'; 
{gkjR^i - 9ikR^j)dx^ Adx\ 
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Moreover if dhO = it follows that Vd0 — 2{'Vgij)Sy^ A dx^, where Vgy = S{gij) — 
-^idkj ~ Njgik. Therefore, conditions (|53|) can be expressed in coordinates as 
follows: 

(64) Qij = 0, gij = gji, Vg^j = 0, g^kRj = 9jkRi- 
Last three conditions in (|64l) together with 

%j _ dg^k 

which is satisfied in view second notation (|63l) . are known as the Helmholtz con- 
ditions for the inverse problem of Lagrangian dynamics, [32]. A global formu- 
lation of Helmholtz conditions (|64l) in terms of the (0,2)-type symmetric tensor 
g = gijdx^ (X) dx^ along the tangent bundle projection has been obtained by Mar- 
tinez et al. in [26]. 

4.3. Homogeneous case. In this section we prove Theorem l4.3l which is a refine- 
ment of Theorem 14.11 in the case that the 1-form 9 is homogeneous. In this case, 
CsO is closed if and only if Cs9 is exact. Also, depending of the degree of homo- 
geneity, one can drop either one or two conditions from Helmholtz conditions ((53l) . 
See condition iv) in Theorem 14.31 below. The fact that for a spray S, one of the 
Helmholtz condition is a consequence of the other ones has been proved recently, 
in a different way, by Prince [3^. 

In Proposition 14.21 we show that a semi-basic 1-form, {k — l)-homogeneous with 
k ^ 0, is dj-closed if and only if it is dj-exact. This result has been obtained in 
a more general context by Klein [ITj, Klein and Voutier [18] and used recently by 
Vattamani [4T| and Szilasi and Vattamani [38j in the Finslerian context. 

Proposition 4.2. Let k be an integer. 

i) If L is a k-homogeneous function L e C°°{TM \ {0}), then Poincare- 
Cartan 1-form djL e A^{TM \ {0}) is semi-basic, dj-closed, and {k — 1)- 
homogeneous. 

ii) // a semi-basic 1-form 9 G A^(TM\{0}) is (k — l) -homogeneous with k 0, 
and dj-closed, then 9 is dj-exact. Moreover, if S is a spray on M, then 

(65) L = psO. 

is the unique k-homogeneous function L G C°° (TM\{0}) such that 9 = djL 
(we say that L is the potential function for the semi-basic 1-form 9). 

Let us note that M has at least one spray since we assume that M is paracompact. 
Also, by uniqueness in ii), function L in equation (|65l) does not depend on S. 

Proof, i) Since the tangent structure J is 0-homogeneous, which means that [C, J] = 
— J, and using formula ([7]) we obtain 

CcdjL - djCcL = -djL. 

Therefore, djL is (fc — l)-homogeneous since Lcf — kf. Also, djL is dj-closed by 
equation lfT7|). and semi-basic since ijdjL = dL o = 0. 

ii) Let S" be a spray on M. We prove that djL = 9, when function L is defined 
in equation (|65|) . By definition we have JS = C, and by equation ((22l) . we have 
[S, J] = — r. The generalized Cartan's formula (fT3|) then gives 

isdj9 -\- djis9 = Cjt^s)(^ - i[s^j]G = i^cO + ir9. 
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Now djO = 0, CcO ^ {k - 1)0, and ird ^ o r = o h = e, so djigO = kO and 
djL = 9 hy equation ((65l) . 

Let S and L be as in the proof of ii). To prove that L is A:-homogeneous, let us 
first note that [C, 5*] = S, and by homogeneity CcO = (fc — 1)6. Commutation rule 

then gives C^L — kL, where L is defined in equation l(65|) . 

For uniqueness, suppose that L is another fc-homogeneous potential function for 
0. Then 6* = djL = djL. If 5* is a spray on M, then = <C[L) = CcL = kL. 

Hence kL = kL, and L = L. □ 

Theorem 4.3. Let S be a spray on M , and let G A^(TM \ {0}) be a semi-basic 
1-form. If 9 is {k — 1) -homogeneous with k ^ 0, then the following conditions are 



i) Cs0 is closed; 

ii) Cs0 is exact; 
ill) kCs0 = dis0; 

. I dh0 = 0, dj0 ~ 0, when fc = 1, 

iv) < 

^ \dh9 = 0, d.j9 = 0, S/d0 = 0, when k ^ {-1, 0, 1}. 

Proof. Implications iii) ii) i) are clear, and implication i) iv) follows by 
Theorem 14.11 To prove implication iv) iii) , let us assume that one branch in 
iv) holds. By the generalized Cartan's formula iflSl) we have isdhO + dhis0 — 
Cs9 — i[s^h](^- Since is semi-basic, formula (|25| yields i[sji]0 = o¥, and by 
assumption dh0 — 0. Hence 

(66) Cs0 = dhis0 + 0°^- 

Since 9 is dj-closed and {k — l)-homogeneous. Proposition 14.21 implies that there 
exists a fc-homogeneous function L G C^{TM \ {0}) such that kL — is0. Since 
J o F = u, we have 6* o F = dj f o F = d^L, and using dL = d^L + d^L, we obtain 

(67) Cs0 = kdhL + d^L^dL + (k~l)dhL. 



Case 1; When k = 1 equation ijGTj) implies that Cs0 — dL and iii) follows. 
Case 2: We show that if fc ^ {—1,0,-1-1} then dhL — whence condition iii) 
follows by equation (|67l) . Using Cartan's formula ^ we have Cs0 = isd0 + dis9 = 
isd0 + kdL. Combining this with formula l(67j) gives isd0 = (1 — k)dyL, whence 

WdyL ^ -^—-Wisd0 = -^—-isVd0 = 0, 

1 — K 1 — fc 

where we used \7is — igV and assumption Wd0 — 0. Contracting Vd^L = by C 
similarly gives 

= ic^dyL = ^icdyL = k\IL. 
We have proven that VL = 0, so CsL — 0. Equation ^ then gives 
(68) d[s..]]L = CsdjL - djCsL = CsdjL. 

By equations (|20l) . we have [S,J] = v — h, so d[s,,j]L — d^L — dhL. Equation l(67|) 
gives LsdjL ~ Cs0 — dL + {k — l)dhL = d^L + kdhL since dL = d^L -\- dhL. Now 
equation l(68|) gives (fc + l)dhL = 0. Thus dhL = and iii) follows. □ 
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5. The inverse problem of the calculus of variations 

The inverse problem of the calculus of variations for a given semispray has so- 
lutions if and only if there exists a multiplier matrix that satisfies the Helmholtz 
conditions l|64p . [71 [HI [32] • Within the Helmholtz conditions, the multiplier matrix 
is the Hessian of a (locally defined) Lagrangian for which the given semispray is an 
Euler-Lagrange vector field. 

In the previous section we did reformulate the Helmholtz conditions in terms 
of semi-basic 1-forms. In this section, we prove that the inverse problem of the 
calculus of variation has solutions if and only if there exists a semi-basic 1-form 
that satisfies the Helmholtz conditions ijSS]). In this case, the semi-basic 1-form is 
the Poincare-Cartan 1-form of a locally defined Lagrangian for which the semispray 
is an Euler-Lagrange vector field. 

In the homogeneous case, according to Theorem I4.3[ we have that if for a spray 
S there exists a (fc — l)-homogeneous semi-basic 1-form 0, k ^ 0, that satisfies the 
Helmholtz conditions ([53| then its potential function L = {\/k)isO is a globally 
defined Lagrangian for which S is an Euler-Lagrange vector field. We will use this 
result to study two inverse problems in Finsler geometry. 



5.1. Lagrangian semisprays. We show that Helmholtz conditions (|53|) are nec- 
essary and sufficient conditions for a semispray S to be locally Lagrangian. 

Definition 5.1. i) A smooth function L e C°°{TM \ {0}) is called a La- 

grangian. 

ii) If for a Lagrangian L, its Poincare-Cartan 1-form djL is non-degenerate, 
then the Lagrangian is called regular. 

iii) If there exists a 1-homogeneous function F S C°°{TM \ {0}) such that the 
Lagrangian L = is regular, then F is called a Finsler metric. 

For a regular Lagrangian L, the non-degeneracy of the Poincare-Cartan 1-form 
djL states that the n x n symmetric matrix with components 

(69) ^'^(^'^^^^^T^^^'^) 

has rank n on TM \ {0}. [28], 

For a Lagrangian L, the variational problem leads to the Euler-Lagrange equa- 
tions: 

For a semispray S, its geodesies, given by the system of second order differential 
equations (fT9| , are solutions of the Euler-Lagrange equations ([70| if and only if the 
two sets of equations are related by formula ^ , with the multiplier matrix given 
by formula l(69|) . Therefore, if for a semispray S, there exists a Lagrangian L such 
that formula ((2|) holds true, then Euler-Lagrange equations l|70p are equivalent with 



which can be further expressed as 

(72) CsdjL = dL. 
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For a Lagrangian L, a semispray S that satisfies equation l(72|) is called an Euler- 
Lagrange vector field. If L is regular, L has an unique Euler-Lagrange vector field. 

Definition 5.2. A semispray S on M is called (locally) Lagrangian if there exists 
a (locally defined) Lagrangian L that satisfies equation ((721) ■ 

Theorem 5.3. Lei S be a semispray on M . Then, S is a locally Lagrangian vector 
field if and only if there exists a semi-basic 1-form 9 G A^{TM \ {0}) such that the 
Helmholtz conditions l|53p are satisfied. 

Proof. We assume that the semispray S is derived from a locally defined Lagrangian 
L. Consider 9 = djL, the Poincare-Cartan 1-form of L. From formula ([72]) it follows 
that £s(^ is closed and using Theorem 14.11 it follows that the semi-basic 1-form 9 
satisfies Helmholtz conditions l(53l) . 

For the converse, consider a semi-basic 1-form 9 € A^(TM \ {0}) such that 
Helmholtz conditions (|53|) are satisfied. Using Theorem 14.11 it follows that the 1- 
form CsS is closed. Therefore, there exists a locally defined function L on TM\{0} 
such that 

(73) Cs9 = dL. 

If we apply ij to both sides of formula l|73p we obtain 

(74) ijCsO = djL. 

From formulae lfT2|) and (|22l) we obtain the following commutation formula 

(75) ijCs - ^sij = -i[s,J] = "i-h-v 

Now, we substitute the derivation ijCs from formula iffS]) into formula ifzi]) . we 
use that 9 is semi-basic, which impHes that ij9 = and ih-v9 = 9 and obtain 

(76) djL = 9. 

In view of equations l(73|) and l(76|) we obtain that equation ((72|) is satisfied and 
hence the semispray is a locally Lagrangian vector field. □ 

The regularity of a Lagrangian is characterized by the non-degeneracy of its 
Poincare-Cartan 1-form. Therefore, a semispray S is induced by a (locally defined) 
regular Lagrangian if and only if there exists a non-degenerate semi-basic 1-form 
9 € A^{TM \ {0}) that satisfies the Helmholtz conditions (|53l) . 

Theorem [O] was inspired by a Theorem of Crampin where locally Lagrangian 
semisprays are characterized in terms of 2-forms. A version of this result, in the 
homogeneous case, is due to Klein [17] . 

Sarlet et al. [33j associate to a semispray S a particular subset Ag{TAI \ {0}) = 
{lu e A^{TM \ {Q]),Csijuj = uo] of 1-forms on TM \ {0}. (Locally) Lagrangian 
semisprays are then characterized by the property that A^iTM \ {0}) contains an 
element lo that is (closed) exact and ijto is non-degenerate. The relation between 
this result and Theorem 15.31 is as follows. Let 9 he a non-degenerate, semi-basic 
1-form such that Cs9 is closed. Consider the closed 1-form oj = Cs9. From formula 
(|74l) it follows that ijoj = is non-degenerate, and from equation (|72|) it follows 
that Csijto = CO, which means that w € Ag{TM \ {0}). 

For a Lagrangian semispray S, two of the Helmholtz conditions ((64|) : fly — 
and Vgij = where used in [3] to characterize the canonical nonhnear connection 
of a Lagrange space. 



SEMI-BASIC 1-FORMS AND HELMHOLTZ CONDITIONS 



18 



5.2. Further discussions of Helmholtz conditions. For a semispray S, con- 
sider a semi-basic 1-form 6 on TM \ {0} that satisfies the Helmholtz conditions 
(|53l) . Three of these conditions can be expressed as follows 



First two conditions ((77l) fixes the number of unknown components of c?6' = 2gij5y^ A 
dx* to n{n + l)/2. Third condition l(77|) imposes algebraic restrictions on d9. 

Grifone and Muzsnay associate to a semispray S the graded Lie algebra As of 
vector valued forms A such that iAdO = 0. Using Theorem 13.51 it follows that if 
A G As then VA e As- Therefore, iterated covariant derivatives V''$ of the Jacobi 
endomorphism impose further algebraic restrictions on dO 

(78) i^k^dO = 0. 

The sequence of (1, l)-type tensor fields ^f*^' := V'^<f> where considered previously 
by Sarlet [32], Crampin [8j and Grifone and Muzsnay [15j. 

From formula ^ it follows that if A,B G As then [A,B] e As- Therefore, 
Helmholtz conditions dj9 — and dq,0 — and formula l(30|) imply that d^d — 0, 
which gives a new algebraic restriction on d9 



Hence, the graded Lie algebra As of algebraic restrictions on d9 contains also the 
sequence of iterated covariant derivatives W^R of the curvature tensor R. 

The graded Lie algebra As is used in general to formulate non-existence results 
for a semispray S to be Lagrangian, [l5l|32]. It follows that if there exists p G M 
such that rank{^5(p)} > n{n + l)/2 then S is not Lagrangian. 

We note that for the homogeneous case the fact that some of the Helmholtz 
conditions can be derived from the other ones, in a non- linear way, does not change 
the rank of As and hence it does not change the rank of algebraic restrictions one 
have to impose on d9. 

5.3. Lagrangian sprays. We show that in the homogeneous case, a spray S is 
Lagrangian if and only if only two or three of the Helmholtz conditions are satis- 
fied, depending on the degree of homogeneity. In particular we discuss Helmholtz 
conditions for two important inverse problems: projective metrizability and Finsler 
metrizability. 

Theorem 5.4. Let S be a spray on M . Then S is a Lagrangian vector field, induced 
by a k-homogeneous Lagrangian, if and only if there exists a {k — 1) -homogeneous, 
semi-basic 1-form 9 G A^{TM\ {0}) such that 



Proof. Suppose that the spray S is an Euler-Lagrange vector field for a fc-homogenous 
lagrangian L. It follows that the Poincare-Cartan 1-form 9 = djL is a (fc — 1)- 
homogeneous, semi-basic 1-form. Since equation l(72|) holds true it follows using 
Theorem 14.31 that 9 satisfies conditions (|80| . 

Conversely, suppose that there exists a (fc — l)-homogeneous, semi-basic 1-form 
9 e Ai(TM\ {0}) satisfies conditions ([80]). From Proposition gjl it follows that 
L = {l/k)is9 is a fc-homogeneous Lagrangian. Using Theorem 14.31 it follows that 



(77) 



ird9 = 0, ijde = 0, i^d9 = 0. 



(79) 



inde = 0. 



(80) 
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conditions (|80|) imply that L satisfies equation (|72l) and hence S" is a Lagrangian 



Next, we will discuss in more details the two branches of conditions (|80|) and 
show that they correspond to two inverse problems studied in Finsler geometry: 
Finsler metrizability and projective metrizability. 

Definition 5.5. A spray S is projectively metrizable if there exists a 1-homogeneous 
Lagrangian F such that equation l(72|) is satisfied. 

Note that in this definition and hence this work we do not necessarily assume 
that F is a Finsler metric, which in addition would require that the Hessian of 
F with respect to the fibre derivatives has rank (n — 1). For a discussion on 
the regularity of the Lagrangian L = F^ and the hessian of F we refer to the 
book of Matsumoto [24j as well as to the recent work of Crampin [lO] and Szilasi 
[37] . If a spray S is projectively metrizable, its geodesies, up to an orientation 
preserving reparameterization, are solutions of the Euler-Lagrange equations of a 
1-homogeneous lagrangian L. Indeed if a F is a 1-homogenous solution of l(72|) then 
the Euler-Lagrange equations (|70| for F can be written as 



In the above equations (|8T|) hij are the components of the Hessian of F with respect 
to the fiber coordinates. Since hij are (— l)-homogeneous it follows that hij^^ — 
and hence the system of equations (|8T|) is invariant under an orientation preserving 
reparameterization. 

The problem of projective metrizability of a spray S is related to Hilbert's fourth 
problem. For a fiat spray this problem was first studied by Hamel [16] and it is 
known as the Finslerian version of Hilbert's fourth problem [TKiniET]. For a gen- 
eral spray, Rapcsak [3T] was first to provide criteria, in local coordinates, for the 
projective metrizability of a spray. Global formulations for projective metrizability 
criteria were obtained by Klein [17j, Klein and Voutier [18] and Szilasi [37]. An ex- 
tensive discussion of the projective metrizability of a spray appears in Vattamany's 
Ph.D thesis [lU chapter 2]. 

According to Theorem 15. 4^ we have that a spray S is projectively metrizable if 
and only if there exists a 0-homogeneous, semi-basic 1-form 9 G A^{TM\ {0}) such 
that dh9 — and dj9 — 0. According to Proposition 14.21 the condition dj9 = 
implies that F = is9 is the only 1-homogeneous Lagrangian that satisfies 9 = djF. 
Moreover, from Theorem 14.31 it follows that F satisfies the condition CsdjF = dF, 
which is equivalent to isddjF = 0. Last condition represents condition Rap 1 in 
Theorem 8.1 by Szilasi [37]. Also condition dh9 = represents condition Rap 4 in 
the same cited work. 

For the particular case of a fiat spray we obtain that the induced nonlinear 
connection is integrable and hence [h, h] = 0. It follows that d1 = and therefore 
any d^-closed semi-basic 1-form is locally c?/i-exact, [39]. Since dh9 = it follows 
that there exists a 0-homogeneous function / S C°°{TM \ {0}) such that 9 — dhf ■ 
From the above discussion we have that the 1-homogeneous function F — is9 
projectively metricizes the spray S if and only if 6* = dhf ■ Therefore 



vector field. 



□ 



(81) 




F^is9^isdhf^S[f) 
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projectively metricizes the spray S if and only if dhdjf = 0. In local coordinates, 
we have that last condition is equivalent to 



This is a reformulation of Proposition 2 by Crampin ^0J or Proposition 8.1 by 
Szilasi [37], which state that F = S{f) is a 1-homogeneous function that projectively 
metricizes the spray S if and only if there exists a 0-homogeneous function / on 
TM\{0} that satisfies condition ((82l) . Both Crampin and Sarlet ask more conditions 
for the symmetric bilinear form with components l(82|) to obtain that F — S{f) is 
a Finsler function. 

Definition 5.6. A spray S is Finsler metrizable if there exists a 2-homogeneous 
Lagrangian L such that equation l(72|) is satisfied. 

Note that in this definition and hence this work we do not necessarily require 
the regularity of the Lagrangian. If a spray S is Finsler metrizable, its geodesies 
are also solutions of the Euler-Lagrange equations of a 2-homogeneous lagrangian 
L. The Finsler metrizability problem, viewed as the inverse problem of the calculus 
of variation restricted to the class of 2-homogeneous Lagrangians has been studied 
recently by Crampin [9], Krupka and Sattarov [20], Muzsnay [25, Prince [30], Szilasi 
and Vattamani [38j. 

According to Theorem 15.41 we have that a spray S is Finsler metrizable if and 
only if there exists a 1-homogeneous, semi-basic 1-form 9 € A^(TM\{0}) such that 
dhO = 0, dj9 = and Vd0 ~ 0. According to Proposition [421 the condition dj9 = 
implies that 2L = isO is the only 2-homogeneous Lagrangian that satisfies 9 — djL. 
Moreover, from Theorem 14.31 it follows that L satisfies the condition CsdjL — dL, 
which is equivalent to isddjL — —dL. Last condition is equivalent to dhL — 
that has been used by Muzsnay [29] to obtain necessary and sufficient conditions 
for Finsler metrizability in term of an associated holonomy algebra. 
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